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It is proved that if p is a prime, k and m Sp are positive integers, and F is a vertex 
symmetric digraph of order pk or mp, then F has an automorphism all of whose orbits have 
cardinality p. Vertex symmetric graphs of order 2p such that 2p-1 is not the square of a 
composite integer and vertex symmetric digraphs of order pk are characterised. 
1. Introduction 
In 1967 Turner [lo] characterised vertex symmetric graphs of prime order and 
gave a necessary and sufficient condition for two vertex symmetric graphs of 
prime order to be isomorphic. His results were improved by Alspach [l]. Frucht, 
Graver and Watkins [6] characterised the vertex symmetric generalised Petersen 
graphs. 
In this paper we shall extend these results to other classes of vertex symmetric 
graphs and digraphs. We shall investigate the properties of vertex symmetric 
digraphs whose order is either a power of a prime or mp (in this paper p always 
denotes a prime), where 1 s m s p. 
Throughout the paper r will denote a finite digraph, and G will denote a finite 
group. 
2. PreIiminaries 
A digraph r consists of a finite set of vertices V(T) and a set of edges 
E(T) E V(T) x V(T) which is an u-reflexive relation on V(T). (V(r)\ is called the 
order of r. A digraph r is a graph if E(T) is a symmetric relation. 
Let u, u E V(T). If (u, v) E E(r), we write u + n. If u --, TV and u + u, then we 
say that u is adjacent to u, and that u is a neighbour of u, and we write u -u. By 
N(v) we denote the set of all neighbours of o. The complement of r is a digraph 
r’ such that V(F) = V(T) and. 
W-7 = (V(T) x W-3) \ (1 U E(r)) 
where I is the identity relation on V(T). 
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If W, W’s V(T), then r[W] will denote the subgraph of r induced by W, 
E( W, W’) will denote E(T) fl( W x W’), and r[ W, W’] will denote the subgraph of 
r with the vertex set WU W’ and the edge set E( W, W’) UE( W’, W). If 
E( W, W’) = W x W’, then we shall write WT W’. 
A digraph r is disconnected if there exists a non-empty proper subset W of 
V(T) such that E( W, V(r)\ W) U E( V(T)\ W, W) = 0, and is connected if it is 
not disconnected. A digraph r is totally disconnected if E(r) = $4. 
For all group-theoretic definitions not defined here we refer the reader to [12]. 
Let V be a finite set. The identity permutation on V will always be denoted by id. 
A permutation g# id on V is called (nz, n)-homogeneous if it has m orbits of 
cardinality n and no other orbit. It is called homogeneous if it is (nz, n)- 
homogeneous for some m, n. A transitive permutation group on V is r- 
imprirnitiue if it has at least one non-trivial r-block. If 9 = {B,, BZ, . . . , Bk} is a 
complete block system of a transitive permutation group G on V, then g will 
denote the permutation on 93 induced by g E G (that means 2: Bi I+ g(B,), for 
each iG{1,2,..., k}). By [12, Proposition 7.21 G, the set of all g (gg G), is a 
transitive permutation group on ?8 and the mapping (g + g) is a homomorphism 
of G onto G. 
Let r be a digraph. A permutation f on V(T) induces a permutation on 
V(T) x V(T). This induced permutation may also be denoted by f, when no 
confusion will arise. The clutomorphism group Aut r of r is the group of all 
permutations f on V(T) such that f(E(T)) = E(T). 
A digraph r is uertex symmetric if Aut r is transitive. A digraph r is a Cayley 
digraph if Aut r contains a regular subgroup. A digraph r is imprirnitiue (r- 
imprimitiue) if Aut r contains an imprimitive (r-imprimitive) subgroup. If 93 is a 
complete non-trivial block system of some imprimitive subgroup of Aut r, then 
T(s) will denote a digraph such that V(r(9)) = 9 and (B, B’) E E(T(92)) if and 
only if neither B TB’ nor B r’ B’. A digraph r is primitive if it is vertex 
symmetric and every transitive subgroup of Aut r is primitive. 
In view of our definitions above, every vertex symmetric digraph is either 
primitive or imprimitive. Furthermore, every vertex symmetric digraph of prime 
order is by [12, Theorem 8.31 necessarily primitive. However, there exist primi- 
tive digraphs whose order is not a prime, for example the odd graphs Ok (defined 
in [4]) are primitive for sufficiently large k (oral communication by T. Ito). 
Another example of primitive digraphs of composite order was pointed out to the 
author by C. Godsil in a personal correspondence. Namely, for each prime p = *l 
(mod 16) there exists a primitive graph of order p(p’- 1)/48 [4, p. 1261 whose 
automorphism group is primitive, is isomorphic to PSL(2, p), and has no transitive 
proper subgroup. On the other hand, since the Cartesian product of two vertex 
symmetric digraphs of order 22 is imprimitive, it follows that there exists an 
imprimitive digraph of order n for each composite integer n. 
Turner [lo] called a graph a p-starred polygon if it has a (1, p)-homogeneous 
automorphism. As an extension of this idea, we shall call a digraph r galactic 
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((m, n)-galactic) if Aut r contains a homogeneous ((m, n)-homogeneous) au- 
tomorphism. If f is a homogeneous automorphism of r, then [f] will denote the 
subgroup of all automorphisms g of r such that g(X) is an orbit of f for every 
orbit X of f. 
A digraph r is uniformly galactic ((m, n)-uniformly galactic) if Aut r contains a 
homogeneous ((nz, n)-homogeneous) automorphism f such that [f] is transitive. 
Proposition 2.1. If m, n 3 2, then every (m, n)-uniformly galactic digraph r is 
n -imprimitive. 
Proof. Let f be an (m, n)-homogeneous automorphism of r such that [f] is 
transitive. The set of all orbits of f is a complete n-block system of [f]. Therefore 
r is n-imprimitive. 
We shall abbreviate “uniformly” to U, “galactic graph” to GG, and “galactic 
digraph” to GD. Thus, for example, (m, n)-UGD will mean “(m, n)-uniformly 
galactic digraph”. 
Proposition 2.2. Let r be a vertex symmetric digraph, G be a transitive subgroup of 
Aut r, and p be a prime dividing ) V(r)\. Then G contains an element of order p. 
Proof. Clearly, (V(T)] divides (GI and therefore p divides (G(. The Sylow 
theorems imply that G contains an element of order p. 
A straightforward consequence of Proposition 2.2 is: 
Corollary 2.3. (Turner [lo], Alspach [ 11). Every vertex symmetric digraph of order 
p is a (1, p)-GD (and therefore a (1, p)-UGD). 
We propose the following problem: 
Problem 2.4. We have seen that every vertex symmetric digraph of prime order is 
galactic. Does there exist a vertex symmetric digraph which is not galactic? 
We remark that any Cayley digraph C is galactic because its automorphism 
group Aut C has a regular subgroup and every non-identity element of this 
subgroup is homogeneous. 
The aim of this paper is to find some other classes of vertex symmetric digraphs 
which are necessarily galactic. A group-theoretic result [ 12, Theorem 3.4’] implies 
that a digraph of order pk(k is a positive integer) is vertex symmetric if and only if 
it is (pk.-‘, p)-UG (Theorem 3.3) thus giving a characterisation of vertex symmet- 
ric digraphs of prime power order. Furthermore, we shall prove (Theorem 3.4) 
that if l~nz s p, then every vertex symmetric digraph of order rnp is (in, p)- 
galactic. In addition we shall prove some further results about galactic graphs. In 
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Section 5, we shall find a necessary and sufficient condition for two (2, p)-galactic 
graphs to be isomorphic (Theorem 5.4). This may be compared with the result of 
Turner [lo, Theorem 31 which gives a necessary and sufficient condition for two 
(1, p)-galactic graphs to be isomorphic and with the result of Alspach and Sutcliffe 
[2, Theorem lo] which gives a necessary and sufficient condition for two (2, p)- 
uniformly galactic graphs to be isomorphic. Alspach and Sutcliffe [2] and Toida 
[ll] have independently conjectured that every vertex symmetric graph of order 
2p is (2, p)-UG. We shall prove this to be the case for imprimitive graphs of order 
2p (Theorem 6.2). This result does not generalise to imprimitive graphs of order 
mp (3 < m < p) as we shall see in Section 4. A group-theoretic result shows that 
primitive graphs of order 2p cannot exist unless p 3 313 and 2p - 1 is the square 
of a composite integer. Thus for all other primes, Theorem 6.2 leads to a 
characterisation of vertex symmetric graphs of order 2~; this result may be 
compared with the characterisation of vertex symmetric graphs of order p 
obtained by Turner [lo]. 
3. Galactic and vertex symmetric digraphs 
Proposition 3.1[ 12, Theorem 3.4’1. Let W be an orbit of a permutation group G. If 
pk is the highest power of a prime p dividing ( W( and P is a Sylow p-subgroup of G, 
then every shortest orbit of P in W has cardinality pk. 
Proposition 3.2. Let I’ be a vertex symmetric digraph of order pk, where k is a 
positive integer, and P by a Sylow p-subgroup of Aut r. Then Z(P), the centre of P, 
contains a (pk-‘, p&homogeneous element f such that P g [f] and If] is transitive. 
Proof. Since every finite p-group has a non-trivial centre [7, Theorem 4.3.11 we 
can select an element f of Z(P) of order p. Since ff id, there is v E V(T) such that 
f(v) # v. If w  E V(T), then g(v) = w  for some g E P (since P is by Proposition 3.1 
transitive) and so f(w) = fg(v) = gf(v) # g(v) = w. Hence f has no fixed vertex and 
so it is (pk-l, p)-homogeneous. Since f E Z(P), it follows that P s If] and so cfl is 
transitive. 
A straightforward consequence of Proposition 3.2 is 
Theorem 3.3. A digraph of order pk, where k is a positive integer, is vertex 
symmetric if and only if it is a (pk-l, p)-UGD. 
Theorem 3.3 can be thought of being a characterisation of vertex symmetric 
digraphs of prime power order and thus a generalisation of Turner’s result [lo, 
Theorem 31. The situation is not quite so nice in the case of vertex symmetric 
digraphs of order mp (1~ m s p). In general we can only prove the following 
result. 
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Theorem 3.4. Every verfex symmetric digraph of order mp (1 s m =Z pj is an 
h PI-GD. 
Proof. Let r be a vertex symmetric digraph of order mp and P be a Sylow 
p-subgroup of Aut r. If m = p, then r is an (m, p)-GD in view of Theorem 3.3. 
We may therefore assume that m <p. The cardinality of each orbit of P divides 
(PI and so is a power of p, and hence must be either 1 or p since IV(r)1 <p2. 
However, the shortest orbits of P have cardinality p by Proposition 3.1 with 
G = Aut r and W = V(T). Hence P has m orbits of cardinality p and no other 
orbit. If f E P and X is an orbit of P, then the restriction f” of f on X is either id 
or is (1, pj-homogeneous. Let 9(f) and %‘m be the sets of orbits X of P for which 
f” = id and f” is (1, p)-homogeneous, respectively. Select g E P for which (Z’(g)\ is 
as large as possible. Suppose if possible that .%(g) # 8. Select Y ~9(gj. Since Y is 
an orbit of P, YE Z%‘(h) for some h E P. For each XE X(g) there is clearly at most 
one sE{1,2,... , p - 1) such that (gxjs = hX. Moreover, l%‘(gjl< m c p - 1. 
Therefore there is r E{l, 2, . . . , p - 1) such that, for each X E X(g), (g”j’# hX. 
Therefore, for each XE R(g), (g-‘hjX# id and so XE %‘(g-‘h). Moreover, gy = id 
and so (g-‘hjY = hY which is (1, pj-homogeneous and therefore YE %(g-‘h). 
Hence %‘(gj U{ Y}s %(g-‘hj, contradicting the definition of g. This contradiction 
shows that 9(g) = B and so g is (m, pj-homogeneous and r is an (m, pj-GD. 
It can be seen that the Coxeter graph (of order 4 * 7) [5], the odd graph 0, (of 
order 5 .7) and the so called H-graph (of order 6. 17) [5] are all primitive and 
therefore by Proposition 2.1 they cannot be uniformly galactic. Furthermore, not 
all imprimitive digraphs of order mp (1 <rn <pj are uniformly galactic (as we 
shall see in the next section). In fact, the relationship between imprimitive and 
uniformly galactic digraphs of order mp (1 <rn spj is given in Theorem 3.6 
below. 
Lemma 3.5. Ler I’be a digraph and $93 be a complete p-block system of a transitive 
subgroup G of Aut r such that r(8) is connected. If g E Ker(G + C?) has order p 
and gB is (1, pj-homogeneous for some B ~3, then gB is (1, pj-homogeneous for 
all BE% 
Proof. Suppose that there exists B ~93 such that gB = id. Then there exist 
X, Ye93 such that g x is (1, pj-homogeneous and gy = id, and either X+ Y or 
Y + X or X- Y in r(B). Without loss of generality we may assume that X -+ Y. 
Since G is transitive on 9, there exists h E G such that h(X) = Y. There is an 
integer n such that h”(X) =X and X, h(X), . . . , h”-‘(X) are all distinct vertices 
of r(B). Since X+ Y, it follows that neither XT Y nor XT’ Y. Therefore there 
are v0 E X and v1 E Y such that v,, 4 q. Since gx is (1, pj-homogeneous and 
gy = id, it follows that XT(q). Let v, = h”-‘(q). Then v, EX and 
h”-‘(X) r{v,}. Since gx ’ IS (1, pj-homogeneous, it follows that h”-‘(X) r(v) for 
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each u EX and therefore h”-‘(X) TX. This implies h”(X) rh(X), is equivalent 
XT Y, contradicting the fact that X + Y in r(9). Hence, for each B E 9, gs is 
not id and so is (1, p)-homogeneous since g has order p. 
Theorem 3.6. Let 2 G m s p. A digraph of order mp is p-imprimitiue if and only if 
it is an (m, p)-UGD. 
Proof. In view of Proposition 2.1 we only have to show that a p-imprimitive 
digraph r of order mp is an (m, p)-UGD. Let 8 be a complete p-block system of 
a p-imprimitive subgroup G of Aut r. Let rl, r,, . . . , r,. be the components of 
r(9) and let ai = V(q) (j = 1,2,. . . , r). 
Since G is imprimitive and B is a block of cardinality p there exists fi E G such 
that f,(B) = B and f: is (1, p)-homogeneous. Since )V(T)IS~~ and the order of fi 
is the least common multiple of the cardinalities of its orbits, fi has order kp for 
some integer k prime to p. Let gi = f;. Then the order of gi is p and g,! is 
(1, p)-homogeneous. Clearly, gi(93 \{B}) = W \{B} and since 19 \{B}I = 
m - 1 <p and the order of gi divides that of g,, it follows that Y = j$(Y) = gi(Y) 
for each YE 9 \{B}. Therefore, gi( Y) = Y for each YE ai. Let Vi be the union 
of all YE Gi. It is not hard to see that { IJi: i = 1,2, . . . , r} is a complete block 
system of G and so the constituent G “1 of G on IJi is transitive for each i. 
Therefore by Lemma 3.5 with r, G, 93 replaced by T[Ui], Gut, Gii, it follows that 
gr is (1, p)-homogeneous for each YE Qi. 
The permutation g on V(T) such that g”) = g,!-‘j for each i~{l, 2,. . . , r} has m 
orbits of cardinality p, namely the blocks B E 3. It is not difficult to see that g is 
an automorphism of r. Since it fixes every element of 93, it follows that GE [g] 
and so [g] is transitive. Therefore r is an (m, p)-UGD. 
4. The line graph of the Petersen graph 
In Section 6 we shall show that every 2-imprimitive graph of order 2p is also 
p-imprimitive, which by Theorem 3.6 implies that every imprimitive graph of 
order 2p is a UGG. Unfortunately this does not generalise to graphs of order 
mp, where 3 < m <p, since the line graph of the Petersen graph will be shown 
to be a counterexample (of order 15). 
Let T = {1,2,3,4,5}. Then the set of vertices of the line graph L(0,) of the 
Petersen graph is the set of all 2-sets {x, y} where x and y are disjoint 2-subsets of 
T. Two vertices {x, y} and {u, V} of L(0,) are adjacent if and only if 1(x, y}n 
{u, u}l= 1. If i E T, then Ei will denote the set {{x, y}~ V(L(0,)): x U y  = T\ {i}}. 
By [3, Theorem 13.51 and [4, §17A] it follows that a permutation f on 
V(L(0-J) is an automorphism of L(0,) if and only if it is induced by some 
permutation f’ on T. 
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The proof of the following lemma is left to the reader: 
Lemma 4.1. A permutation on T is (1,5)-homogeneous if and only if it induces a 
(3,5)-homogeneous automorphism of L(0,). A permutation on T has one 3-orbit 
and two l-orbits if and only if ir induces a (5,3)-homogeneous automorphism of 
UO,). 
Proposition 4.2. L(0,) is a 3-imprimitive (3,5)-GG and (5,3)-GG, but is nor a 
UGG. 
Proof. Let {x,, y,}, {x2, y2} be distinct vertices of L(O,), and f~ S, be such that 
f(x,) =x2 and f(y,) = y2. Clearly, f takes {x,, y,} to {x2, y2} which proves that 
Aut L(0,) is transitive. 
For every fe Aut L(O,), it is clear that f(Ei) = Ei if f(i) = i and f(Ei) rl Ei = fl if 
f(i) # i. Hence Ei is a block of Aut L(0,) and L(0,) is 3-imprimitive. Further- 
more, in view of Lemma 4.1, L(0,) is a (3,5)-GG and a (5,3)-GG. 
Let f be an arbitrary (3,5)-homogeneous automorphism of L(0,). Then f is 
(1,5)-homogeneous by Lemma 4.1. Let ieT, x={i,f(i)}, y=@(i),?(i)}, z= 
v(i), p(i)}, A be the orbit of f containing {x, y}, and B be the orbit of f 
containing {x, z}. Then L(O,)[A] is a 5-circuit and L(O,)[B] is totally discon- 
nected. Therefore cf] is not transitive and L(0,) is not a (3,5)-UGG. 
Let f be an arbitrary (5,3)-homogeneous automorphism of L(0,). By Lemma 
4.1 there exist distinct i, j, k E T such that f(i) = i, f(k) = k, p(j) = j# f(j). Let 
A = {-ii, kl, {b f(i)>>, and C be the orbit of f containing h. Then L(O,)[C] is a 
3-circuit. Furthermore, Ei is an orbit of f and, since L(O,)[E,] is totally discon- 
nected, it follows that L(0,) is not a (5,3)-UGG. 
5. (2, p)-galactic graphs 
Let Z, be the ring of integers mod p, and Zz be the set of non-zero elements of 
Z,. If aEZ,, and SsZ,, let aS={as: SES} and a+S={a+s: SES}. 
Let r be a (1, p)-GG, and fe Aut r be (1, p)-homogeneous. Let x E V(r), and 
xi = fi (x) (i E Z,). There exists S E Zz such that xi - xi if and only if j - i E S. We 
call S the symbol of r relative to f. Clearly, S = -S. 
A set S cZF is a symbol of r if it is the symbol of r relative to some 
( 1, p)-homogeneous automorphism of r. Turner [ 10, Theorem 31 proved: 
Proposition 5.1. Let S and S’ be symbols of (1, p)-galactic graphs r and r’, 
respectively. Then r’ is isomorphic to r if and only if S’= aS for some a EZF. 
Let r be a (2, p)-GG, f E Aut r be (2, p&homogeneous, X and Y be the two 
orbits of f, and S and S’ be the symbols of r[X] and r[Y] relative to f” and fY, 
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respectively. Let x E X, y E Y, and xi = fi (x), yi = fi (y) (i E Z,). There exists T E h, 
such that q - yi if and only if j-i E T. We say that the ordered triple (S, S’, T) 
arises from the ordered quadruple (I’, f, x, y) and we write (I’, f, x, y) + (S, S’, T). 
The notation of this paragraph will be used in the statements and proofs of 
Lemmas 5.2 and 5.3. 
Lemma 5.2. If h E Aut r, g E h(f)h-‘, u E h(X), u E h(Y), then there exist a EZZ, 
b E& such that (I-, g, u, v) ---, (US, US’, UT+ b). 
Proof. There exist c E Zz, and d, e E&, such that g = hf”h-‘, u = hfd(x) and 
u = hf’(y). Let a = c-’ and b = c-‘(d -e). Then (r, g, u, u) + (as, as’, aT+ b). 
Lemma 5.3. lf p > 2, T$ (8, Z,} and g is a (2, p&homogeneous automorphism of r, 
then (g) is conjugate to (f) in Aut r. 
Proof. Let P be the Sylow p-subgroup of Aut r containing f. Then 
k(X) =x, k(Y)= Y forevery kEP (1) 
because otherwise P would be transitive and so (V(T)\ = 2p would divide (PI, 
which is impossible since p >2. Let f’ E P. By (l), f’(x) = xi for some i. Since 
f* = ff-’ E P, each orbit of f* has cardinality 1 or p and is by (1) a subset of X or 
Y. Since f*(x) = x, X is not an orbit of f*. Since T#$, Z,}, it follows that 
N(x)n Y is not +?I or Y and so, since f*(x) = x, Y cannot be an orbit of f*. 
Therefore every orbit of f* has cardinality 1, i.e. f* = id and so f’ = f E (f). Hence 
P = (f). The p-subgroup (g) of Aut r must be contained in a Sylow p-subgroup I-I 
of Aut r. Since all Sylow p-subgroups of Aut r are isomorphic, it follows that 
H=(fl and therefore H=(g). Since all Sylow p-subgroups of Aut r are conju- 
gate in Aut r, there exists h E Aut r such that (g) = h(f)h-‘. This proves Lemma 
5.3. 
By [S, S’, T] we shall denote the isomorphism class of all (2, p&galactic graphs 
r such that (I’, f, x, y) + (S, S’, T) for some (2, p&homogeneous automorphism f 
of r and some pair x, y of vertices of r belonging to different orbits of f. 
Theorem 5.4. Let p >2, and Si, S: cZ~, Ti GE, for i = 1,2. Then [S,, S;, T,] = 
[S,, S$, T2} if and only if either 
T1 = T2 E {@I, Z,} and there exist a, a’ E Zz 
such that {S,, S;} = {US,, a’s{} 
(1) 
OY 
there exist a EZ~, b E.&, such that either 
(S,, Sh, TJ or (Si, Sz, -TJ equals (as,, as’,, aT, + b). 
(2) 
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Proof. (I) If the condition (1) is satisfied, then [S,, SI,, T,] = [S,, S;, TJ in view of 
Proposition 5.1. Suppose now that the condition (2) is satisfied. Let r~ 
[S,, S;, T,], and (r, f, x, y) * (S,, S;, T,). Let c = a-‘, g =p and x’=fbc(x). Then 
(r, g, x’, y) + (as,, US;, UT, + b) and therefore (S,, S& T2) arises either from 
(r, g, x’, y) or from (r, g, y, x’). This implies [S,, S:, Tl]=[S2, Sg, TJ. 
(II) Suppose that [S,, SI,, T,] = [S,, S;, TJ. If T, E ($4, Z,}, then clearly T2 = T, 
and therefore the condition (1) must be satisfied in view of Proposition 5.1. We 
may therefore assume that T, is a non-empty proper subset of Z,. Let r~ 
[S,, S;, TJ, U’, f, x, Y) -+ CL SL TJ and K g, u, 0) + &, SS, T2)- In view of 
Lemma 5.3 there exists h E Aut r such that g E h(f)h-‘. By Lemma 5.2 there exist 
LE EZ~ and b EZ, such that (as,, US:, aT, + b) arises either from (r, g, u, v) or 
from (I’, g, 0, u). Since (S,, S$, TJ, (S$, Sz, -TJ arise from (r, g, u, v), (I’, g, D, u) 
respectively, it follows that either (S,, S$, TJ or (S;, Sz, -Tz) equals 
(aSI, US:, aT, + b) and therefore the condition (2) is satisfied. 
The next theorem is due to Alspach and Sutcliffe [2, Theorem 31 although we 
state it in our own notation. The proof can be carried out using Lemmas 5.2 ahd 
5.3 and a result of Alspach who explicitly determined the automorphism group of 
a given (1, p)-GD [l, Theorem 21. 
Theorem 5.5 (Alspach, Sutcliffe [2]). A (2, p)-GG r~ [S, S’, T] is a (2, p)-UGG 
if and only if either 
TE{~, Z,} and S’= aS for some a EZ~ (1) 
or 
(S,S’,-T)=(aS, as’, aT+b) forsomeaEZF, bEZ,. (2) 
6. A characterisation of imprimitive graphs of order 2p 
Let r and r’ be graphs, and m and n be positive integers. By T+T’ we shall 
denote the union of disjoint copies of r and r’, and by nT the union of n disjoint 
copies of F. By K,,, I’,,, K(m, n) we shall denote the complete graph of order n, the 
path of length n, and the graph (K,,, + K,,)’ respectively. If u E V(T), then IN(u)1 is 
called the valency of u. r is said to be m-ualent if every vertex of r has valency 
m. In this section an edge of r will be a 2-set [u, v]={(u, v), (v, u)} such that u 
and z, are adjacent vertices of r, and E(T) will denote the set of edges of r. A 
subset Q of E(T) is an edge orbit of a subgroup G of Aut r if it is an orbit of the 
permutation group on E(T) induced by G. The subgraph of r induced by Q will 
be denoted by I’(Q). If E(T) is an edge orbit of Aut r, then r will be called edge 
symmetric. 
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Lemma 6.1. Let r, x, y, xi, yi, X, Y, S, S’, T have the meaning described after the 
statement of Proposition 5.1. If p > 2, S = S’ and T = Zt\ S, then Aut r is 
p-imprimitive with a complete block system {X, Y}. 
Proof. Let i, r E .J& Since S = -S, T = -T it follows that 
\(T+r)nSj=J(T-r)nS(=(Tn(S+r)j. (1) 
Moreover, xitk E N(x,) nN(x,+,) if and only if k ES n(S+ r) and yi+k E 





and so IN(~) n iV(x,+,)) is odd for every two distinct vertices xi, x~+~ E X. 
Moreover, (since T = -T) xi+k E N(yi) nN(xi+,) if and only if k E (S + r) n T and 
yitk ~N(y,)nN(x~+,) if and only if kESn(T+r). Therefore J~(y,)n~(x~+,)l= 
j(S+r)nTI+(Sn(T+r)j, h h w  ic is even by (1). Hence JN(~,) n N(%+,)( is even for 
every two vertices yi E Y, xi+r E X. 
If X, Y are not blocks of Aut r, then there exist g E Aut r, yd E Y and 
x,, xb, x, E X such that g(xa) = xb, g(x,) = yd, which implies that jN(x,) n N(x,)\ = 
Pm n w,)l, and this is impossible since (N(x,) n iV(x,)j is odd and IN n 
NY,)~ 
is even. 
Theorem 6.2. A graph of order 2p is imprimitive if and only if it is a (2, p)-UGG. 
Proof. In view of Theorem 3.6 we only have to prove that a 2-imprimitive graph 
r of order 2p, where p > 2, is a (2, p)-UGG (and thus also p-imprimitive). Let G 
be a 2-imprimitive subgroup of Aut r. It is easily seen that G has a (2, p)- 
homogeneous element f. (In fact every element of G of order p is (2, p)- 
homogeneous.) Let X and Y be the orbits of f. Then there exist x E X and y E Y 
such that {x, y} is a block of G. Let (r, f, x, y) += (S, S’, T), and xi = f’(x), yi = 
f’(y), Bi = {q, yi} (i EZ,). Then B = {Bi: i EZ’,} is a complete 2-block system of G. 
With the notation of Section 2 we shall distinguish two different cases. 
Case 1: Ker(G + G) is non-trivial. 
To prove that r is a (2, p)-UGG it suffices to show that cf] is transitive. If T(B) 
is connected, then (by Lemma 3.5) Ker(G + G) contains a (p, 2)-homogeneous 
element which clearly belongs to cf] and thus Lf] is transitive. If T(B) is not 
connected, then it must be totally disconnected (since it is vertex symmetric and of 
order p). Therefore the permutation on V(T) which interchanges xi and yi, for 
every i E Z,, belongs to [f] and so Ifl is transitive. 
Case 2: Ker(G + G) is trivial. 
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Suppose first that G is solvable. Since ]G] = ]G(a2p, G cannot be regular and 
so it is by [12, Theorem 11.61 a Frobenius group. By [12, Theorem 5.11 the 
elements of G of degree p together with id form a regular normal subgroup g of 
G. Since I? is regular, Ifi] = p and therefore fi= (f). Hence (F) is normal in G 
and therefore (f) is normal in G. Hence G E cf] and therefore cf3 is transitive, i.e. 
r is a (2, p)-UGG. 
If G is nonsolvable, then by [12, Theorem 11.71 it is 2-transitive on 3. 
Therefore the subgraphs B(i, j) = T[Bi, B,], is j are all isomorphic bipartite 
graphs. Consider any two distinct i, j E Z,. Since G is 2-transitive, there is an 
element of G which interchanges Bi and Bi and therefore B(i, j) + K(1,2) +K,. 
Furthermore, B(i, j) also cannot be isomorphic to K(2,2) or 2& or K; because in 
all these cases the permutation on V(r) which interchanges xi and yi, for every 
i E Z,, would be a non-identity element of Ker(G + G). Therefore B(i: j) is 
isomorphic either to K,+2K, or to P4. Suppose that B(i, j) = P4, and m, k EZ, 
are distinct. Since G is 2-transitive, it follows that each end-edge of the path 
B( i, j) can be mapped by an element of G to each end-edge of the path B(m, k), 
and cannot be mapped by an element of G to the central edge of the path 
B(m, k). This means that there exists an edge orbit Q of G such that r(Q) n 
B(i, j) = 2Kz for any two distinct i, j E 1. Therefore there exists 3 c e such that 
r(Q) E [$ s,Zz \ $1. By Lemma 6.1, Aut r(Q) is p-imprimitive. Since Q is an 
edge orbit of G, it follows that G s Aut r(Q) and therefore G is p-imprimitive. 
By Theorem 3.6, r is a (2, p)-UGG. If B(i, j) = K,+2K,, then a similar argument 
shows that r’ is a (2, p)-UGG and therefore r is a (2, p)-UGG. 
Remark 6.3. Toida [l l] has independently proved that a 2-imprimitive graph r 
of order 2p with 2 blocks Bi (i E Z,,) is a (2, p)-UGG unless the graphs B(i, j), 
i # j, are all isomorphic to P4 or to K, + 2K,. 
Combining Theorems 5.5 and 6.2 we obtain: 
Theorem 6.4. A graph r of order 2p is imprimitive if and only if there exist S E Z$‘, 
TsE,, a E Zz, b E E, such that r~ [S, as, T] and either 
(1) TE-i!J, &I or 
(2) a2S = S and aT+ b = -T. 
If G is a permutation group on V and u E V, then G, will denote the subgroup 
of all permutations g E G such that g(u) = u. 
Combining the results of Wielandt [12, Theorem 31.21, Feit (urnpublished, see 
[9, p. 56]), Wielandt (unpublished, see [9, p. 561) and Scott [9, Theorem l] we 
obtain: 
Theorem 6.5. Let (VI = 2p, v E V and G be a primitive but not 2-transitive permu- 
tation group on V. Then 2p = m2 = 1 for some integer m and either m is not prime 
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and p 2313 or p = 5. Furthermore, G, has orbits of cardinalities 1, +m(m - l), 
+m(m + 1). 
Corollary 6.6. If r is a primitive graph of order 2p, then p 2313, 2p = m2+ 1 for 
some composite integer m, r is either $m(m-l)-valent or tm(m+ 1)-valent, and 
both r and P are edge symmetrk. 
Proof. Since r is primitive, it is clearly not isomorphic to K,, or KS, and so there 
exist [u,, u~]EE(T), [u,, u,]EE(P). Since r has no automorphism which maps 
Ul, uz into u3, u4 respectively, Aut r is not 2-transitive. By Theorem 6.5, 
2p = m2+ 1 for some integer m. If u E V(T), then (Aut r), has by Theorem 6.5 
three orbits of cardinalities 1 , im(m-l), $m(m+1) and since an element of 
(Aut r), cannot map a vertex adjacent to v to a vertex not adjacent to u or vice 
versa, it follows that the orbits of (Aut r), are {v}, N(v), V(T)\(N(v) U(v)). 
Thus r is either im(m - 1)-valent or $m(m + 1)-valent. If p = 5, then r is either 
3-valent or 6-valent. If r is 3-valent, then, by Theorems 3.4 and 5.4, either 
rdii, -0, 11, -a wi or rg [{l, -l}, (2, -2}, {0}] or rc [!A, @, T] for some 
subset T of Z5 of cardinality 3. By Theorem 5.5, r is a (2,5)-UGG and so by 
Theorem 6.2 is not primitive. If r is 6-valent, then r’ is 3-valent and the 
argument above shows that r’ is not primitive and thus r is not primitive. 
Therefore pf5 and by Theorem 6.5, p 3313 and m is a composite integer. 
Consider any two edges [x, y], [z, w] of K Since r is vertex symmetric, there 
exists f E Aut r such that f(x) = z. Clearly f(y)E N(z). Since N(z) is an orbit of 
(Aut r),, it follows that g(f(y)) = w  for some gE (Aut r),. Then gf maps [x, y] 
into [z, w]. This proves that r is edge symmetric. A similar argument shows that 
r’ is edge symmetric. 
For integers n and r with 2~2r < n, the generalised Petersen graph G(n, r) [6] 
is defined by 
WGh r.)) ={xo7 x1,. . . , L~, yo, yl,. . . , Y,-J 
and 
E(G(n, r))={[xi7xi+,]: i=O, 1,. . . , n-l} 
U{[y,, yitr]: i = 0, 1, . . . , n - l} 
U{[xi, yi]: i = 0, 1, . . . , n - l} 
where the addition is taken mod n. If IZ is a prime p, then by Theorem 5.4, 
G(p, r) E [S, S’, T] if and only if S = {s, -s}, S’ = {rs, -rs}, T = {t} for some s E Zz, 
t EZ p. From this and the fact that (by Corollary 6.6) no G(p, r) is primitive we can 
deduce by Theorem 6.4 that G(p, r) is vertex symmetric if and only if r2= *l 
(mod p). Thus the special case in which n is prime of the result of Frucht, Graver 
and Watkins [6, 01, p. 2121, is also a special case of Theorem 6.4. 
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Combining Theorem 6.4 and Corollary 6.6 we obtain: 
Theorem 6.7. Suppose that either p < 313 or 2p - 1 is not the square of a composite 
integer. Then a graph r of order 2p is uerteex symmetric if and only if there exist 
S&G, TG$, age, bE&, such that I’E[S,aS, T] and either 
(1) T4@,Z,,> or 
(2) a’S=S, aT+b=-T. 
Conjecture 6.8. The only two graphs of order 2p with a primitive automorphism 
group that are known to the author, are 0, and 05, but they are both 
imprimitive. This makes us believe that every vertex symmetric graph of order 2p 
is imprimitive. If this is so, the hypothesis that either p < 313 or 2p - 1 is not the 
square of a composite integer can be omitted from Theorem 6.7. 
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